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ABSTRACT

In this work we consider the boundary value problems for Sturm-Liouville operators with a

2 . .
constant delay re[?ﬂ%) under eigenparameter boundary condition. Under some

assumptions, the uniqueness of the inverse specteal problems is proved, where the potential,
parameters in boundary conditions and the delay are uniquely determined by two spectra
of the different boundary conditions.
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1. Introduction:

In this paper we consider the Sturm-Liouville boundary value problems L, (j =1, 2) :

—y"(x)+q(x)y(x—7)=2y(x), xe(0,7) (1.1)

with boundary conditions
y(0)=0, (1.2)
y'(7)+H;(2)y(7)=0, (1.3)
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where H,(1)=a;4+b;, 1 is the spectral parameter, 7 {%%) , the complex-valued

potential g(x) is continuous in [0,7],q(x)=0 for xe(0,7). Moreover,

aa, #0,b, #b, and H (m):=H,(m*)-H,(m?)=0.

Recently, differential operators with constant delays have attracted more and more attention
of researchers because they are widely used in engineering and natural sciences (e.g., see
the monographs [13, 18] and the references therein). Inverse spectral problems of the
differential operators consist in recovering operators from the given spectral characteristics.
The research contents involve the existence, uniqueness and reconstruction of Sturm-
Liouville operators.

Comparing with the inverse spectral theroy of classical differential operators (see [12] and
the references therein), it is more difficult to study the inverse problems of differential
operators with constant delays. This is because the main methods of the inverse problems
theory are not applicable for them. Therefore, there are only isolated results in this direction
and do not form a complete picture. For example, in [1-9,11,20,23-24] they provided a few
results of the inverse problems of Sturm-Liouville operators with a constant delay on a finite
interval.

In addition, as for the above papers (see [1-9, 11, 20, 23-24]), we note that the characteristic

functions depend linearly on the potential in the case of large delay when 7 > o i.e., the

inverse problem becomes linear (see [3.23]). For 7 < o this nonlinear case is essentially

more difficult for investigating and constructing the solution of the inverse problems. The
characteristic functions depend nonlinearly on the potential, i.e., the inverse problem
becomes nonlinear (see [4,20]).

In the papers [10,14,16-17,19], authors studied the inverse problems for Sturm-Liouville
operators with eigenparameter boundary conditions. Moreover, we also note that there are
some researches on the operators with one constant delay under eigenparameter boundary
conditions (see [15,21]). In [21], authors studied two boundary value problems (1.4), (1.5),

(1.6) and (1.4), (1.5), (1.7) for 7 € [%zj :

-y'(x)+a(x)y(x-7)=2y(x), xe(0.7) 4
y(0)=0, (15)
y(7)=0, 9
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y'(z)+P(4)y(z)=0. (1.7)

Function P (/1) is normalized polynomial with degree S,s € N, and complex coefficients.
The authors proved uniqueness and gave procedure for constructing potential. In the first

case, for 7 E|:%,7Z’j, they showed that Fourier coefficients of a potential are uniquely

. 2 .
determined by two spectra. In the second case for 7 € [?ﬁ , %) they constructed integral

equation about potential and they proved that this integral equation has a unique solution.
Also, they showed that other parameters are uniquely determined by two spectra.

In this paper we consider the inverse problems of Sturm-Liouville operators for

TE [%%j under Dirichlet/linear and Dirichlet/linear boundary conditions. In the case

of 7> > it has been studied in [22], where we proved uniqueness and gave procedure for
constructing potential under the conditions 7 —7 € Q . However, this case may be not true

2
assoonas 7 < ?ﬂ It needs to be further studied separately.
R T T et-t
Moreover, we suppose that by, b,, integral Ilzj.rq(t)dt;to and 1, :IerT q(t)
q(s)dsdt are known and 7—7€Q. We will prove that the H,(j=1,2) and the
potential ¢(x) are uniquely determined from the spectra of L;,(j=1,2). To be more

precise, let {i,fj)} ) be the eigenvalues of L, (j :1,2). The inverse problems are to

nx

determine potential q(x),H; and z from {erj)} >0(j =1,2).

This paper is organized as follows. In Section 2 we study the spectra of the boundary value
problems (1.1) -(1.3) and introduce transformation of characteristic functions, which is
needed for constructing the integral equation with the potential. In Section 3 we consider

the inverse spectral problems of recovering the potential q(x) and other parameters, and
prove that the integral equation has unique solution.

2. Properties of Spectral Characteristics:

Let A= ,02 , o =S+Iit and the function y(X, /1) be the solution of the equation (1.1) under
initial conditions y(0)=0,y’(0)=1, then y(Xx, ) is the unique solution of the integral
equation
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sin( px) +qu(t)sin(p(X—t)) y(t—z,2)dt.

Y(X,A)=
(A)=="—+], .

For x€[0,7), the solution of (2.1) is

sin(px) +J-xq(t)3in(/3(x‘t)) y(t—7,2)dt ZM,

Y(X,A)=
( ) P i P P

For x e(7,27], the solution of (2.1) is

y(x,2)= S"‘E)px)+%jjq(t)3in(p(x_t))sin(p(t-r))dt.

For X [21,7[] the solution is

y(x,2)= S”‘L”X) +%J-:q(t)sin(p(x—t))sin(p(t—r))dt+

%I; Ca(®)a(s)sin(p(x-t))sin(p(t-7~s))sin(p(s~7))dsdt.
Moreover, we have

y/(32) =cos(px) + [ a(t)cos(p (x-1))sin(p(t—e))dt+
%I;IzTq(t)q(S)COS(P(X_t))Si”(P(t—T_S))Sin(p(s—r))dsdt.

Let
A (A)=Y'(m,A)+H,(2)y(72),j=12.

Using (2.2) and (2.3), we have

2.1)

2.2)

(2.3)

(2.4)
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A (2)=y'(mA)+H;(2)y(7 )
Sin(pﬂ)

+cos(p7r)+;I:q(t)cos(p(ﬁ—t))sin(p(t—r))dt
2.5)

zjz J-t a(t) )eos(p(z—t))sin(p(t—7z—s))sin(p(s—7))dsdt
i (2) =

+ ”"(f)f’; a(t)a(s)sin(p(z-t))sin(p(t—r-s))sin(p(s -7))dscl.

It is easy to verify that A;(4)(j=12) is the characteristic function of L;(j=1,2),
whose zeros coincide with the eigenvalues of L, (j =1, 2). Now, using (2.5) by the well-
known method ([12], Ch.1), we obtain zeros of A; (/1)

pﬁ”=n+1+ai'1cz(n'f)+ajA(n,T)+o( L j (2.6)
ajnﬂ'

Where

L, =["q(t)dt,

T

A(p,7)= %jjq(t)cos(p(Zt -7))dt,
L 2.7)
C,(p.7)= ESIn (p7),

Cz(p,r):%cos(pr).

Moreover, {i(j)} . is the spectrum of Lj(j=1,2),/1,fj)=(p£”)2. Since the

n

. 1
Aj (l) j=1,2, are entire in A in order E by Hadamard's factorization theorem, the

characteristic functions are uniquely determined by spectra of L ( j=1 2) . The following
lemma holds by the well-known method ([12], Ch.1).

Lemma 2.1. The characteristic function A (4)(j=1,2), which is entire functions of A
of order 1/2, can be uniquely determined by the specification of the spectrum
{lﬁ’)}nzo(j =1,2) and a;( j =1,2) by the formula
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A (A)=a;mA . (2.8)

3. Main Result:

In this section we prove the uniqueness of the solution. Firstly we give the following
lemmas.

n

Lemma 3.1. The spectrum {/1(1)} . of the boundary spectral problem L, uniquely

determines the delay 7 .

Proof. Since there are infinitely many k € N and & >0 with property ‘sin(kr)‘ >5>0.

From the assumption I, # 0, we have

,,n,zkl ~(k=2° -2 +(k+2)’
= 28 —(k=1)° = A% + (k +1)°
LJF2'1005((k—2)f)_i_2'1005((k+2)f)

_lim&7 7 ar T
koe 9 2l,cos((k-1)7) 2 2l cos((k+1)r)
ar V1 Car 7

B Iimcos((k ~2)7)—cos((k+2)r)
ke cos((k —1)1)—003((k +1)7)

_ msin(kr)sin(Zr)
k>« sin(kr)sinz

=2C0ST.

Therefore, we obtain

r= arccoslnm*« — (k=2 =2, +(k+2)°
26 J = (=0 = A0 + (k1)

3.1)

Lemma 3.2. Let 7—7 € Q. The spectrum {/Irfl)} . of the boundary spectral problem L,

uniquely determines |,.

Proof. From (2.5) we conclude
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A, (A) =a,psin(pr)+cos(pr)+ aillcos(p(z _T)) +O(elmpwr ] (3.2)

2

Since a, # 0, from (2.8) and (3.2) we have

x A=A _ cos(pz) hcos(p(z—t)) (M
n —=—psin(pr)+ + +0 .
[T (pa)+ = ! .

(3.3)

L 1
By some calculation, it is easy to see that the zeros {pn Sp, =N +E’ ne Z} of COS(pﬂ')

@

,meZ; of cos(p(;z—r)). It is easy to prove that
-7

and the zeros | p,, : P, =

the assumption 7 —7 €Q implies the functions cos(pz) and COS(,O(ﬂ'—T)) do not
have any common zeros. Denote

where & is sufficiently small, then there exist constant C; such that

[cos(p(7—7))|2C,e"" >0,v1eG,.

1
Letting pm:m+§ for all meN in the formula of (3.3), we find

P €Gy,c08(p, )= 0,‘cos(,om (72'—1'))‘ >C, >0, then substituting p,, = m+% into

(3.3), we arrive at

m+— =
2 2 yo,

ﬂﬁ(m;mf‘ﬁs) () '1C°S(m+;j(“)j+o(1}
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Finally, we get

l;=2lim Cos((m+;j(7z—r)j

Lemma3.3. Let 7—7 € Q. The spectra {lrfj)} . ( =1 2) of boundary spectral problems

(3.4)

L; (i =12) uniquely determine a;(] = 1,2), respectively.

Proof. From (2.6), we have

2. (5 o 1 N
a, =—Iim(/1n(‘)—n2——Ilcos(nr)j . (3.5)
JT N—x T

Consequently we finish the proof.

According to Lemma 3.1-Lemma 3.4, the delay 7, the integral Ilzrq(t)dt and

H, (j =1,2) are uniquely determined by the spectra {Z,S”}  of L (j=12)

Next we derive the main equation of the solution of the inverse problem.

Firstly we use the function G(t),K (t) and notations & (p),& (). k. (p).k (o) in
[20]. Then integrating k. ( ).k, () by parts, we have

-7

k.(p)=| K(t)cos(p(z—2t))dt= J-”_Tcos(p(zr—Zt))d (I: K (s)ds)

T T

= cos(p(ﬂ—Zr))JVHK (S)dS—Zpk: (p),

T

-7

(p)= ] K (V)sin(p(z-2))dt = [ sin(p(w~20))d ([ K (s)as)

T T

=—sin(p(7r—2r)) [ K(s)ds+2pk](p),
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Where
K (p)=[""[ K(s)sin(p(z~2t))dsdt,
K (p) =" [ K (s)cos(p (= ~2t))ds.
From [20] we know j ” K (t)dt =—1,. Thus, we get

[[K(s)ds=—1,-[""K(s)ds,
k.(p) = —1, cos(p(x —21)) =2 pk (p) .k, (p) = 1, sin(p (7 —27)) -2 pk (),
()= ] [ K cos(p(r - 20psde = - 2 MATZZN L g ()

T T p

k; (p) =k (p),

Where
k. (p)= —‘EHI:HK (s)cos(p(z—2t))dsdt,

k. (p)= —J‘ZHJ.:HK (S)Sin(p(ﬂ'— Zt))dsdt.

Therefore (2.5), it is easy to show that the characteristic function has the formz

)sin (pr)

Aj(/1)=Hj(p2 P

_ szl(; )[|1cos(p(7z—r))—ﬁc(p)}+%[Izcos(p(n—Zr))erk:(p)]

_%/;)[.Zsm(,;(;;_zr))wk:(p)]-

+COS(pﬂ)+i[|lsin(p(ﬂ'—r))—ﬁs (p)}

(3.6)

We define function A, (p)
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A (p)= 2,02Aj (pz)—Zij (pz)Sin(pﬂ')—ZpZCOS(pﬂ')

ptsin(p(-o) s # () reoslp(es).

Function A, () is determined by {lrf”}nzo (j=12), and from (3.6) and (3.7) we have

A, (p)+¥|23in(p(ﬂ'—2f))—|2COS(p(7Z'—2T)) 8
=H,(¢")[a(p)-K (p)]-r[&(p)-K ()]

Let

()

|25in(p(71'—22'))— |2COS(p(7T—2T)),

Hi(p)+ Ha (')

|28in(p(71'—22')),

it is obvious that A(p) and B( ) can be uniquely determined by {lrfj)} 0(j =1,2).

Then, from (3.8), we have

and

B(p)=|H,(p*)-H.(p*)|[&(p)-K (p)] (3.10)

ﬁﬁﬁﬁﬁﬁ

+ m{(—l)m j:;q(t)sin(th)dt — (D" j L K(s)sin(2mt)dsdt}

(3.11)
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and
B(m)=| H,(m*)—H,(m?) |x
{(—1)m_f:2q(t)cos(2mt)dt - (—1)mjjfrj.jer (s)cos(2mt)dsdt}.

Then, from the assumption H (mz) =H, (mz)— H, (mz) # 0, we can get

3 e dta _ )"
j,z, q(tycos(2mtydt — [ [ K (s) cos(2mt)dsct H(mz)B(m)

(3.12)

and

T . a1 pr—t . "
IZ 2q(t)sm(2mt)dt—L It K(s)5|n(2mt)dsdt=( m) A(m)_mH(mZ

Also, from (3.10) we have

[t [ KOs L ime() o
: . ‘ b]__bZ p—0

We define function K™ :[0,7] > R , i.e.,

K" (1) = J‘:HK(S)dS,te(r,ir—r) (3.15)
O,tG(O,T)U(ﬂ'—T,ﬂ')

Let
q(t)-K'(t)=g(t),t [0, 7]

using (3.12), (3.13), and (3.14), then the Fourier series of g (t) is

g(t):%+§[an cos(2mt)+b, sin(2mt) ] (3.16)
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Where
ot prc 2
j t)dt——j [7K(s dsdt_mmB( p),
=—I th)cos (2mt) t——J' I K (s)dscos(2mt)dt
_ 2"
= EH(mz)B(m),nZL
2 P
bn:;jz g(t)sin(2mt) dt——J' I K (s)dssin(2mt)dt
2,y Hi(m)
E[ ~ A(m) mH(mz)B(m)}nZL
Therefore,
i[ancos(th)+bnsin(2mt)]
_ ( 1) |2mt+e—i2mt
25 s
:;meﬂz C e2|mt
where
N (m)+i(—1)mlA(m)H(m2)+ Hl(mz)B(m).
H (m?) mH (m?)

Since ¢ (t) is continuous function, according to Fourier series convergence theorem, we
get

t)-["K(s)ds=hte[0,x] (3.17)
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where h :bl;“mp‘)oB(p)Jrlzmez, {O}Cmezimt_

It follows from the Lemma 3.1-Lemma 3.3 that the right-hand side of (3.17) is uniquely
determined by spectra {}t,f")} . of L, j=12.
n>

Theorem 3.4. The potential q(X) is uniquely determined by spectra {i,f”} of L.

n>0 !

Proof. Since the potential q(x) satisfies integral equation (3.17), we only need to show

uniqueness of solution of this equation. From the defination of K (s) in [20], we have

J‘:’*TK(s)dS:O,t e[0,z|\[z,7—7].

(1) For te (7[—2‘,7[—%:|, we have J.:HK (s)ds =0. Therefore, integral equation (3.1)

has a form:

The right-hand side of (3.17) is determined by {ﬂ,rfj)} 0(j :1,2) of L;. Then from the

definition of §(t) [20], the potential ¢(X) is determined for X e (ﬂ' —%,ﬂ'j|.

(2) For te(%,r] we have J.:HK(s)ds =0. Therefore, integral equation (3.1) has a

form:

The right-hand side of (3.17) is determined by {ﬂ,rfj)} (j =1 2) of L;. Then from the

n>0

definition of (t) [20], the potential ¢(x) is determined for X e (T%T} .

(3) For te(r,7—t], according to the defination of K(s), we can easily show that

arguments of the potential q (x) appearing in the function
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=T

. K(s)ds :.[j_r(q(s+r)fq(u)du—q(s)J:Tq(u)du +_L’;q(u)q(u—s)du)ds

belong to the intervals [22’, 72'] c [7[ —% , 7[} and [Z’, T —T] c {r, 3?{} . Then the function
[77K(s)ds is known. Therefore from (3.]) for t & (7,77 —7]. Then from the definition

of G(t)[20], the potential q(X) is determined for x (3—; T —%} .
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